ON CHERN-SIMONS MATRIX MODELS 



STAVROS GAROUFALIDIS AND MARCOS MARINO 

Abstract. The contribution of reducible connections to the U(N) Chern-Simons invariant of a Seifert 
manifold M can be expressed in some cases in terms of matrix integrals. We show that the U (TV) evaluation 
of the LMO invariant of any rational homology sphere admits a matrix model representation which agrees 
with the Chern-Simons matrix integral for Seifert spheres and the trivial connection. 
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1. Introduction 

Chern-Simons invariants of links and three-manifolds have been a rich arena for the interactions of math- 
ematics and physics in the last years. More recently, there has been a growing connection between Chern- 
Simons invariants and topological string theory/Gromov-Witten theory. This has motivated various devel- 
opments and results. One of these developments has been the representation of Chern-Simons invariants of 
three-manifolds in terms of matrix integrals over a Lie algebra [MJ IA-K-M-V) . This representation has its 
origin in the work of Rozansky on the trivial connection contribution to the Chern-Simons invariant |R], and 
on the results of Lawrence and Rozansky on the SU (2) Chern-Simons invariant of Seifert homology spheres 

In this short note we clarify these results in the light of the LMO invariant |L-M-Oj and its Aarhus 
integral representation [A) . After reviewing in section 2 the connection between Chern-Simons theory and 
matrix integrals, we show in section 3 that the LMO invariant of a rational homology sphere M, evaluated 
for the U(N) weight system, can be always represented as a matrix integral. If the manifold M is obtained 
through surgery on a link C in S , the matrix model 'potential' involved in the matrix integral is related 
to the Kontsevich integral of C. Since the LMO invariant is conjectured to capture the trivial connection 
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contribution to the Chern-Simons invariant of M, this suggests that this contribution always has a matrix 
integral representation, as shown in |M|. 

1.1. Acknowledgement. M.M. would like to thank D. Bar-Natan and N. Wyllard for discussions. 

2. The Witten-Reshetikhin-Turaev invariant as a matrix integral 

2.1. The Witten-Reshetikhin-Turaev invariant. The Witten-Reshetikhin-Turaev (WRT) invariant of 
a three-manifold M was originally defined by Witten in |W| as the partition function of a certain topological 
quantum field theory on M, the so-called Chern-Simons theory. Fortunately, the invariant can be defined in 
a purely combinatorial way, as we now describe. 

The WRT invariant depends on a choice of gauge group G and of an integer k related to the level of 
the affine Lie algebra based on G. We will use the following notations: r denotes the rank of G, and d 
its dimension, y denotes the dual Coxeter number. The fundamental weights will be denoted by A^, and 
the simple roots by a.i, with i = 1, ••• ,r. p denotes as usual the Weyl vector, given by the sum of the 
fundamental weights. The weight and root lattices of G are denoted by A w and A r , respectively. Finally, we 
put I = k + y. 

The WRT invariant can be defined in terms of a surgery presentation of M. By theorem due to Lickorish, 
any three-manifold M can be obtained by surgery on a link C in S 3 . Let us denote by /Cj, i = 1, • • • ,L, 
the components of C. The surgery operation means that around each of the knots JCt we take a tubular 
neighborhood Tub(/Ci) that we remove from S 3 . This tubular neighborhood is a solid torus with a contractible 
cycle cki and a noncontractible cycle /3j. We then glue the solid torus back after performing an SL(2, Z) 
transformation given by the matrix 

(1) = ( Pi n 

\ qi Si 

This means that the cycles pioti + qi[3i and r^ai + Sj/?i on the boundary of the complement of K-i are identified 
with the cycles c^, in Tub(/Ci). 

To define the WRT invariant we use the representation of SL((2, Z) in the space of integrable representa- 
tions of the affine Lie algebra associated to G. A representation given by a highest weight A is integrable if 
the weight p + A is in the fundamental chamber T\ The fundamental chamber is given by A w /ZA r modded 
out by the action of the Weyl group. In the following, the basis of integrable representations will be labeled 
by the weights in Ti. In the case of simply-laced gauge groups, the Sl(2, Z) transformation given by U^- p ^ 
has the following matrix elements in the above basis [Rl IH-T| : 



* SI] 



r Ai)} 



|A+I 



idir . 



12 V 7 



VolA v 



VolA r / 

(2) Y H e(w)exp{ l -^(pa 2 ~2a(ln + w(f3)) + s(ln + w(j3)) 2 y 

n£A r /<;A r w&W 

In this equation, |A + | denotes the number of positive roots of G, and the second sum is over the Weyl group 
W of G. is the Rademacher function: 



(3) $ 
where s(p, q) is the Dedekind sum 



p r 
q s 



--12a(p, q), 



1 9-1 

(4) s(p,q) = _£cot(^)cot(£p. 



In terms of the above data, the WRT invariant of M is given by: 
(5) Z(M,l) = e»* ]T Z ai ,..., aL (£)U^---U l 

Oil,-" ,aL£Fi 
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In this equation, Z ai ... QL (£) is the quantum group invariant of the link C with representation a~ p attached 
to its i-th component (recall that the weights in Ti are of the form p + A). The phase factor e^ fr is a framing 
correction that guarantees that the resulting invariant is in the canonical framing for the three-manifold M. 
Its explicit expression is 



irkd ' 



(6) ^ = ^(^$(t / fe ) « i ) ) _ 3(T(£) 



where a(C) is the signature of the linking matrix of C. One can show that the above definition of WRT is 
invariant under Kirby moves, therefore it defines a topological invariant of the three-manifold M. 

The WRT invariant was originally defined by Witten in quantum-field theoretic terms, as the partition 
function of Chern-Simons theory on the three-manifold M. The action of Chern-Simons theory is given by 

(7) S cs {A) = —[ Tr( A A dA + -A A A A A 

4tt J m V 3 

where A is a G-connection on M , and the WRT invariant is given by 

(8) Z k {M) = / VAe lScs ^ A K 



The description given above in terms of combinatorial data can be derived from Chern-Simons theory in the 
context of canonical quantization. 

2.2. Matrix integral representation of the WRT invariant. The fact that the WRT invariant is the 
partition function of a quantum field theory suggests that it can be evaluated semiclassically as a sum over 
critical points of the action. In the case of the Chern-Simons functional 10, the critical points are flat 
connections on M. Each term in the sum is in turn an asymptotic, perturbative expansion around the flat 
connection in powers of the coupling constant of the model. Moreover, it can be argued that the terms 
in this perturbative expansion contain important topological information about the three-manifold M. For 
example, the one-loop contribution involves the analytic torsion of the flat connection |Wj , while the two- loop 
contribution around the trivial flat connection turns out to be equal to the Casson- Walker invariant of M 

M 

From the point of view of combinatorial definition of the WRT invariant, the properties that emerge in 
the asymptotic expansion in powers of the coupling constant are far from being obvious. In the case of 
Seifert spaces, it was shown in |L-R| that the WRT invariant for gauge group SU(2) can be written as a 
sum of contour integrals and residues which correspond to the contributions associated to the different flat 
connections. Some of the results of |L-R| were generalized in M] to general simply-laced groups, where it 
was shown that the contribution of reducible flat connections can be written as a matrix integral. In [B-W , 
Beasley and Witten have presented a very elegant derivation of this matrix integral representation in the case 
of the trivial flat connection, by using non-abelian localization. A similar result has been recently obtained 
in |FTt] . 

Seifert homology spheres can be constructed by performing surgery on a link C in S 3 with n+1 components, 
consisting on n parallel and unlinked unknots together with a single unknot whose linking number with each 
of the other n unknots is one. The surgery data are Pj/qj for the unlinked unknots, j = 1, • • ■ , n, and 
on the final component, pj is coprime to qj for all j = 1, • • • ,n, and the pj's are pairwise coprime. After 
doing surgery, one obtains the Seifert space M — X(^, - ■■ , y 1 )- This is rational homology sphere whose 
first homology group H\{M, Z) has order \H\, where 

n n 

(9) H=p /Z-' and p =riw- 

3=1 Vj 3 = 1 

We will denote e = H/P. For n = 1,2, Seifert homology spheres reduce to lens spaces, and one has that 
L{p,q) = X(q/p). For n = 3, we obtain the Brieskorn homology spheres S(pi,p2,P3) (in this case the 
manifold is independent of q±, qi, q^). By using the formulae for the WRT invariant presented above, one can 
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write the contribution of reducible fiat connections to the Chern-Simons partition function of X(J^, ■ ■ ■ , 
as 

(-1) |A+I ( Vol Aw \ [sign(P)]l A + l ^ siCT(H/P)+ ^, 
\W\(2m) r I VolA r y \P\ r / 2 

r TT" TT 2sinh^ 

(10) • ]T / d{) e-W 2 / 2 -W 1 1<=1 1 U> ° 2?< 



teA r /HA T 



n Q >o(2sinh^ 



In this equation, /3 is an element of R, ^ is given by 

n 

(11) = e - 3sign(e) - 12^s(%,; 

»=i 

and we have introduced 

n, = 



fc + y 

The lattice A r /HA r decomposes in different Weyl orbits, and each of these orbits correspond to a different, 
reducible flat connection. The contribution of the trivial flat connection is obtained by setting t — in l|l(Jfl . 



3. Matrix integrals and the LMO invariant 

In this section, we will show that the LMO invariant of a rational homology sphere, evaluated through 
the U(N) weight system, can be always expressed as a matrix integral. This follows very simply by the 
definition of the LMO invariant in terms of formal Gaussian integration given in pQ, and the detailed 
structure of the U(N) weight system. Since the LMO invariant is conjectured to capture the contribution of 
the trivial connection to the WRT invariant, our result indicates that this contribution is expected to have a 
representation in terms of matrix integrals, as it happens with the Seifert homology spheres. In particular, 
we will show that the result IjlOjl for Seifert spheres agrees with the U(N) evaluation of the LMO invariant 
calculated in |B-L| . 

3.1. A review of the Kontsevich integral. The physics origin of the Kontsevich integral of a link in 
S 3 is Chern-Simons perturbation theory along the trivial flat connection of the backround 3-space. The 
Feynmann diagrams of the theory are trivalent graphs with legs (so-called unitrivalent graphs). The legs 
are colored by the components of the link, and the edges along the trivalent vertices are equipped with a 
cyclic ordering. The graphs are considered modulo the AS and IHX relations. The graphs can be multiplied 
(using the disjoint union) and can be graded (where the degree of a graph is half the number of vertices). 
Using formal linear combinations (with coefficients in Q) of these graphs, we can define a completed graded 
algebra A(*x) where A is a set in 1-1 correspondence with the components of the link. 

It turns out that the Konstevich integral of a link is a group-like element of A(*x), thus we can define 
its logarithm 

T{S\L) = log Z(S 3 ,L) 

which lies in the completed vector space A c (*x) generated by connected unitrivalent graphs, modulo the AS 
and IHX relations. 

There are two degrees of a diagram D in A(*x)'- 

• The Vassiliev degree deg 1 (Z?), which equals to half the number of vertices. 

• The Euler degree deg 2 (-D) which equals to —\(D). 

Notice that the Euler degree of a connected diagram is rkHi(D) — 1 > —1, and that deg 1 (I?) = deg 2 (-D) + 
|Legs(D)|. 
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3.2. A review of the LMO invariant. In this section we review the LMO integral. The physics origin 
of the LMO invariant (and its cousin, the Aarhus integral) is Chern-Simons perturbation theory along the 
trivial flat connection. 

Consider a framed link L of r components in S 3 , and let M denote the 3-manifold obtained by surgery 
on L. 

For every nonncgativc natural number to, there is an LMO integration map 



/ 



(m) 

dX : A{*x) —>A{$) 



which takes values in 4< m (0), the Vassiliev degree < to part of the completed vector space .4(0) of trivalent 
graphs with vertex orientations modulo the AS and IHX relations. If the integrand a is group-like, then the 
sequence {J^ adX} m can be assembled in a group-like element in 4(0), which we denote by J adX. 
This allows us to define 



as well as 

ML) 



Z (L) = J Z(S 3 ,L) 

Z(M) 



Zo(s 3 , u+Y + ^z {s 3 , u-y-w 

where is the unknot with framing ±1 and cr^(L) is the number of positive (resp. negative) eigenvalues 
of the linking matrix of L. It turns out that Z(M) is depends only on M and not on the framed link L. 
Moreover, Z{M) is group-like, that is we can define its logarithm: 

T{M) = log Z{M) 

which takes values in 4 C (0). 

Here is a rough description of the LMO integration . 

• Consider an element a 6 A(*x)- Concentrate on 02™, the piece of a that contains diagrams with 



exactly 2to legs of each color. 
Then, J {m) adX is the sum o 
We consider the result in 4< m (0). 
If a is 
4(0). 



• Then, / adX is the sum of all ((2m — l)!!)l x ways of pairing up the legs of each color X. 

• If a is group-like, then we can assemble the pieces adX for all to into a group-like element in 



3.3. Weight systems. For every semisimple Lie algebra g, we have a weight system map: 

w B :A C (* X ) h-si^yim 

Specifically, if D is a unitrivalent graph with 2m vertices and / legs then W g (D) e 5'(g®' x ') fl h l . Notice that 
to = -x(D) + l. 

Let W u = W$\ N , for arbitrary N. We now describe in detail the W u weight system. Following Bar-Natan, 
let us introduce the vector space spanned by marked surfaces. 

Definition 3.1. An X-marked surface (£,7) is an oriented compact topological surface S with nonempty 
boundary, together with a choice 7 of points (colored by X) on dH. Let Mx denote the completed vector 
space of formal Q-linear combinations of A-marked surfaces. 

If \X\ = 1 and £ is connected, 7 gives rise to a partition (0 7o l 71 . . . ), where jj is the number of boundary 
components of £ with j points. 

Like unitrivalent graphs, marked surfaces have two degrees: 

• The Vassiliev degree deg 1 (£,7) of a marked surface is — x(£) + \ where I7I = X)j.?7j- 

• The Euler degree deg 2 (£,7) of a marked surface is —%(£). 
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Thus, I7I in the case of a marked surface plays the role of the number of legs. 

Marked surfaces can be multiplied (via the disjoint union) and graded (by the Vassiliev degree). Let M. x 
be defined analogously. 
There is a map: 

# : A(*x) — > M x 

defined by: 

£>^^(-1) sm (£d,m,7d,m) 



M 



where 



• the sum is over all possible markings M of the trivalent vertices of D by or 1 , 

• sm is the sum, over the set of trivalent vertices, of the values of M 

• S_d,m denotes the X-marked surface obtained by thickening the trivalent vertices of D as follows: 



(12) 

and thickening the edges of D, and connected up to a surface. The legs of D become the choice 
Jd,m °f points in T,d,m- It turns out that £.d,m is well-defined and oriented. 

The above map preserves the Vassiliev and Euler degrees deg 1 and deg 2 . 

Moreover, there is a map: 

$ : M c x — ► A® r [N,h] 
where A is the ring of symmetric polynomials. This map is defined by: 



(£, 7 ) — ► n 10 [] pi- h m e Af[N, h] 



where m = deg 1 (S,7), I — deg 1 (S) — deg 2 (£), and p n is the power sum X) j x j • We remind that products 
of power sums provide a basis for the ring of symmetric polynomials in the variables Xj. We will also use 
in the following the basis of A given by Schur functions s\, which are labeled by a partition A. An r-uple 
of partitions will be denoted by A = (Ai, • • • , A r ). A basis of A® r is therefore provided by the products 
s\ = s\ t ■ ■ ■ s\ r . 

Remark 3.2. In fact, the map $ is a vector space isomorphism, although we will not use this. 
Proposition 3.3. jB-NI l(TP] We have a commutative diagram 



exp(M c x ) 



exp (StrP) 



where we define 
(13) Str^ : 

Proof. Let eij for 1 < i, j < N be a basis for gl^. We have 



1 



a s e h 2g - 2+ WQ[N,h]X C A® r [N,h] if r>0 

if r = 0. 



[ e i,j, e k,t] — $j,k e i,l — 8l,i£k,j- 

A diagram consists of a number of Y graphs some of whose half-edges are glued in pairs. The weight 
system colors each half-edge by an element of gl N . Graphically, the above equations become: 
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and Equation (|12fl . 

This computes the corresponding element in S(qI n ) b1n . 

Let E = (eij ) denote the N by N matrix with noncommutative entries . Consider the X-marked ribbon 
graph of genus 0: 



JY 



Fir, 




»l)-"iin=l P. ■ p. ■ p ■ ■ p ■ 

Then, it is easy to see that W 3 i N (R n ) = tr(£" 1 ). 

We have S^gl^) 8 '" = S^x) SymN , where \]n is the Cartan subalgebra spanned by Xi :— En for i = 
1, . . . , N. Under this isomorphism, E maps to a diagonal matrix diag(xi, . . . , xn), thus tr(E n ) gets mapped 

t0 Eili x i =Pn- □ 

Example 3.4. If w 2 := is the wheel with 2 legs colored by X = {x}, we have: 



W 2 — > 2 




o 



2\fc2 



2{Np 2 ~pi)h 



For a polywheel w n with n legs colored by {x}, we obtain 

l<»,j<N s=0 V s / 

where we set po = N. 
We will define 

(14) Z v := W u Z F v := W u T. 

We may think of F U (S 3 , L) as the potential for a matrix model. As we will see, this potential the 3-manifold 
invariant, by integration on the full Lie algebra. 

3.4. Weight systems commute with LMO integration. 

Definition 3.5. Let us define 



(to) 



dX : M x 



Mo 



as follows: 



(ro) n^= ,( ' ,LIW> ' , ' n 



x£X ml 



X 



if |-y | = 2m 
if | 7 | ^ 2m 



where for two ribbon surfaces £ and £' with X-marked boundary, (£, S )x is the sum over all pairings of 
the X-marked ends of £ with those of £' (if they match, otherwise zero). 

Example 3.6. For m = 1, we have: 



(i) 



p 2 dX = (R 2 



x x' 2 



(i) 



p\ dX 



R\ U Ri, ■ 



n n, 



N 2 



= N 



and 



Hi) 
J 



w 2 dX = 2{N 3 -N) 
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13.51 leads naturally to a map 



(15) 



| C/ :exp(StrP)-(StrP) 



such that the following diagram commutes: 



A sp (* x ) — ^ exp(A^) — ?— exp(StrP) 



/ 



exp (M%) 



exp (Strg) 



3.5. The U(N )-version of the LMO invariant as a matrix model. The next theorem identifies the 
Z V (M) invariant of a closed 3-manifold with a matrix model. Consider a framed link L in S" 3 , and let 
M denote the closed 3-manifold resulting from Dehn surgery on L. Then, the image Z V (S 3 ,L) of the 
Kontsevich integral of L under the gl N weight system lies in exp(Str|?), where r = \L\. We want to show 
that the integration ljl5|l induced bv 13. 51 agrees with Gaussian matrix model integration. 
We first define Gaussian matrix model integration. 



Definition 3.7. The map 



is defined as follows: 



f :exp(StrP)^(StrP) 
1 J dM IJ(trM')*' exp f-i t r(M 2 )) , 



where A = (1*2 2 • • • ), M is a Hermitian, N x N matrix, and 



Z = J dM exp (~ tr(M 2 



The measure dM in the matrix integral is given by 

N 

dM = Y[ dMa Y[ d{Re My )d(Im My ) . 

t=l \<i<j<N 

The above definition can be extended to exp (Str£) as follows 



HI 



Pn = 



Pin 



Theorem 1. We have: 



As a result, the q[ n version of the LMO invariant is given by a matrix model: 

dXZ v (S 3 ,L) = Z V (M). 



h<- 



This theorem follows immediately from the fact that 13.51 is simply the description of Gaussian integration 
in terms of Wick contractions, see for example |I-ZI IB-I-'Z] . 

Example 3.8. We have: 



s 2 dX = 

Hn 

siidX = 



N(N + 1) 



N(N - 1) 



Hi. 
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and P2 = s 2 — S\ \ and p\ = s 2 +Sn. Comparing with Example l3.6l we confirm the above claim for partitions 
with 2 boxes. 

Example 3.9. The result of |B-L| expresses the LMO invariant of a Seifert sphere as 



(16) 



Z = exp(-( eo - 3sign(e ) - £ / ^,» 1/2 JJ fi 



where Q x is the element in A(*x) (with X = {x}) introduced in |B-G-R-T| and given by 



where 



One easily calculates 



Cl x = exp 22 b 2m w 2m , 

m—1 



E 2m 1 sinh.x/2 

m— ' 



($*)(^»n^)= p|A+iA_2 ^n( 2sinh (^V i) )^ nn( 2sinh ( : 

1=1 i<j t=\ i<j 

where A(x) = Yii<j ( x * ~ x j)- O n the other hand, it is well known that Gaussian integration can be expressed 
in terms of eigenvalues as (see for example |B-1-Zp 



/1I, V ; ,/,V ' ^:r i U ;/ ^ 



!n N ^ mutate-* 2 *'* A*(x) 

After writing (3 = a;,ej, where is an orthonormal basis in A^, we find that Z u is indeed given by the 
matrix integral (|10|) , up to an overall factor 
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